Abstract. Among the techniques for determining the convergence of a series, Raabe's Test remains relatively unfamiliar to most mathematicians. We present several results relating to Raabe's Test that do not seem to be widely known, making the case that Raabe's Test should be featured more prominently in undergraduate calculus and analysis courses.
Raabe's Test
What is now known as Raabe's Test was introduced by Joseph Ludwig Raabe [4] in 1832, as part of a lengthy article on convergence tests for series. In particular, Raabe demonstrated that a series ∞ n=1 a n consisting of positive terms converges whenever lim n→∞ n a n a n+1 − 1 > 1 and diverges whenever lim n→∞ n a n a n+1 − 1 < 1.
There are several minor variants of Raabe's result (see [1, p. 39] , [2, p. 285] , or [3] ), but the test is typically stated for series with only positive terms. As we shall see, Raabe's Test can provide more information if we consider series that include both positive and negative terms. There are several related results that are also worth mentioning.
We begin by presenting a slightly more nuanced version of the test.
Theorem 1 (Raabe's Test). Suppose
∞ n=1 a n is a series consisting of nonzero terms, for which p = lim n→∞ n a n a n+1 − 1 exists (as a finite value). If p > 1, the series converges absolutely. If 0 ≤ p < 1, the series is either conditionally convergent or divergent. If p < 0, the series diverges.
Proof. Suppose, first of all, that p > 1. Since (p − 1)/2 is a positive number, there is a natural number N such that n a n a n+1 − 1 − p < p − 1 2 , and hence n a n a n+1 whenever n ≥ N . Let p 1 = (p + 1)/2, which is also greater than 1. Observe that n a n a n+1 > p 1 + n and thus n|a n | > (p 1 + n)|a n+1 | for n ≥ N , from which we see that
Since p 1 − 1 is positive, it follows that n|a n | > (n + 1)|a n+1 | for n ≥ N . Since every term n|a n | is positive, the Monotone Convergence Theorem guarantees that the sequence n|a n | converges to some limit x. Consider the series
The mth partial sum of
so the series converges to |a 1 |−x. Therefore the Comparison Test, along with (1.1), shows that
Consequently the series ∞ n=1 a n converges absolutely. Now suppose that 0 ≤ p < 1. Since (1 − p)/2 is a positive number, there is a natural number N such that n a n a n+1
and hence n a n a n+1
whenever n ≥ N . Therefore n a n a n+1 − (n + 1)
|a n | is divergent, so the series ∞ n=1 a n is either conditionally convergent or divergent.
Finally, suppose that p < 0. Since −p is a positive number, there is a natural number N such that n a n a n+1 − 1 − p < −p, and hence n a n a n+1 − 1 < p − p = 0, whenever n ≥ N . Consequently a n a n+1 − 1 < 0 for n ≥ N , which means that |a n | < |a n+1 | whenever n ≥ N . Therefore the sequence (a n ) does not converge to 0, so the series ∞ n=1 a n is divergent. Observe that the quantity
Therefore lim n→∞ a n+1 a n must exist and be equal to 1. In other words, Raabe's Test presupposes the inconclusiveness of the Ratio Test.
As in the case of the Ratio Test, Raabe's Test yields no information when p = 1. For 0 ≤ p < 1, there are examples for which the series converges conditionally and examples for which the series diverges. (See Example 8 below.) In general, it can be difficult to determine the behavior of a series when 0 ≤ p ≤ 1, although the following results are rather helpful. Proposition 2. Suppose (a n ) is a sequence consisting of nonzero numbers, for which
exists. If p > 0, the sequence (a n ) converges to 0.
Proof. Since p/2 is a positive number, there is a natural number N such that n a n a n+1
and hence
whenever n ≥ N . Consequently a n a n+1 − 1 > 0 for n ≥ N , so |a n | > |a n+1 | whenever n ≥ N . The Monotone Convergence Theorem guarantees that (|a n |) converges to a non-negative number x. We simply need to show that x is equal to 0. Suppose, for the sake of contradiction, that x > 0. Since |a n | > x for n ≥ N , it follows from (1.2) that
whenever n > m ≥ N . While (|a n |) is a Cauchy sequence, the sequence of partial sums for the harmonic series is divergent. Thus we have obtained a contradiction, so we conclude that x must be 0.
Corollary 3 (Raabe's Alternating Series Test). Suppose (a n ) is a sequence consisting of positive numbers, for which
is convergent. If 0 < p < 1, the series converges conditionally.
Proof. In addition to showing that (a n ) converges to 0, the proof of Proposition 2 shows that there is a natural number N such that a n > a n+1 for n ≥ N . Hence the Alternating Series Test guarantees that the series stated above is convergent. If 0 < p < 1, Raabe's Test shows that the series must, in fact, be conditionally convergent.
Corollary 3 is somewhat unusual, in that it typically takes multiple steps to show that a series is conditionally convergent.
Example 4. It is not difficult to demonstrate that the series
have values 3/2, 1/2, and −1/2 with respect to Raabe's Test. Therefore the first series converges absolutely, the second series converges conditionally, and the third series diverges.
Interpretation
Our next observation provides a conceptual framework for the results presented in the previous section.
Example The following observation is consistent with this interpretation of Raabe's Test.
Proposition 6. Suppose (a n ) and (b n ) are sequences consisting of nonzero numbers, for which p = lim n→∞ n a n a n+1 − 1 and
both exist. In that case,
exists and is equal to p + q. Furthermore, for any real number k, the expression
exists and is equal to kp.
Proof. First of all, note that n a n b n a n+1 b n+1
= n a n a n+1 − 1 + a n a n+1
Since lim n→∞ a n+1 a n = 1, our first assertion follows from the Algebraic Limit Theorem.
To prove the second assertion, consider the continuous function
Observe that n a n a n+1 k − 1 = n a n a n+1 − 1 g a n a n+1 for all n. Since |a n /a n+1 | is converging to 1, the expression above converges to the product of p and k.
In other words, if
∞ n=1 a n and ∞ n=1 b n correspond to the values p and q with respect to Raabe's Test, the series ∞ n=1 a n b n corresponds to the value p + q. Likewise, whenever it is defined, the series 1/a n corresponds to the value −p.) Besides making sense conceptually, these observations can be quite useful from a computational perspective.
If p > 0, Proposition 2 shows that (a n ) must converge to 0. Hence it follows from Proposition 6 that (a n ) is unbounded whenever p < 0. Let us pause for a moment to consider the case where p = 0. From the perspective of Raabe's Test, such a series "looks like" the p-series
Nevertheless, there are examples with p = 0 for which (a n ) is either convergent to 0 or unbounded.
Example 7. Let a n = 1/ log(n + 1), where log denotes the natural logarithm function. Observe that n a n a n+1 − 1 = n log(n + 2) log(n + 1) − 1 = n log(n + 2) − log(n + 1) log(n + 1)
Since the numerator of (2.1) converges to log e = 1, the entire expression converges to 0. Proposition 6 shows that
is also 0, where b n = log(n + 1).
In other words, there is some "wiggle room" with respect to how much a series must resemble the corresponding series ∞ n=1 1/n p . We are now in a position to justify an assertion we made shortly after proving Raabe's Test.
Example 8. We would like to illustrate the range of possible outcomes when 0 ≤ p ≤ 1. First of all, consider the case where p = 0. The Alternating Series Test shows that
is conditionally convergent. On the other hand, the series
For 0 < p ≤ 1, the series
is conditionally convergent and has value p with respect to Raabe's test. Similarly, the series
We still need to identify a series with p = 1 that is absolutely convergent. It follows from Proposition 6 that ∞ n=1 1 (n + 1) log(n + 1) 2 has value 1 with respect to Raabe's Test. Moreover, the Integral Test shows that this series converges absolutely.
The next result is particularly useful when applying Raabe's Test to concrete examples.
Proposition 9. Suppose (a n ) and (b n ) are sequences consisting of positive numbers, for which
and lim n→∞ n a n − b n a n+1 − b n+1 − 1 both exist and are equal to p.
Proof. Note that n a n + b n a n+1 + b n+1 − 1 = n a n − a n+1
The sequence (b n /a n ) has value q − p > 0 with respect to Raabe's Test, so Proposition 2 dictates that (b n /a n ) converges to 0. Thus the expression above converges to p · 1 + q · 0 = p. Since (b n /a n ) converges to 0, there is a natural number N such that b n < a n for n ≥ N . Consequently |a n − b n | = a n − b n for n ≥ N , and hence
Therefore this expression also converges to p.
The result above is not valid when p = q, since
The analogous result may fail to hold for sequences consisting of nonzero terms, even when lim n→∞ n a n a n+1
Take, for example, a n = 1 and b n = (−1) n−1 /n. Our final observation follows directly from Example 5 and Proposition 9.
Corollary 10. Let ∞ n=1 a n be a series consisting of nonzero terms. If a n = h(n) for a polynomial h of degree m, the series has value −m with respect to Raabe's Test.
Example 11. Proposition 6 and Corollary 10 show that
has value 1/2 with respect to Raabe's Test. Therefore the series converges conditionally.
Pedagogical Implications
When first learning about series, students typically encounter two fundamental classes of examples: geometric series and p-series. By analogy, it makes sense for students also to be exposed to both the Ratio Test and Raabe ' 
